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Abstract

A direct rational exponential scheme is proposed to construct exact multi-soliton solutions and its fission, fusion phenomena after interaction
of the solitons has been discussed. We have considered the Burgers and Sharma—Tasso—Olver equation as two concrete examples to show the
fission and fusion of the solitary wave and the solitons, respectively. We improve different structured multi-soliton solutions with possible
conditions for fission and fusion of the Burgers and the Sharma-Tasso—Olver equations arises in plasma physics and in ocean dynamics. The
amplitude and velocity relations between solitons and/or solitary waves before and after interactions are given and a possible condition for
fission and fusion is proposed. Furthermore, three-dimensional plots of the wave solutions are given to visualize the dynamics of the model.
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1. Introduction

Nonlinear equations play an important task in applied
mathematics, physics, biology and issues related to engineer-
ing due to their role in describing many real world phenom-
ena. The world has witnessed a blooming number of seri-
ous facts like ocean acoustic and tsunami wave fields gener-
ated by earthquakes in 2011 in Japan along this coast known,
mostly related to short-distance seismic activities like earth-
quakes from Mw 6.9 on 8.8 [1] and many types of acoustic
wave in nuclear physics, in plasma physics, in ocean wave
related phenomena. In these types of wave, the tallness and
wavelength range are very important in terms of producing
any disasters. If needed procedures are taken, these enor-
mous powers can be twisted into a diverse energy sources
which will be needed in different activities. Otherwise, to
propulsion any system can be affected differently and may
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create disasters like “climate changes” and “global warming”.
The more wavelengths are up, the more they include danger-
ous for environment all around the world. To reduce harsh
power of such giant disasters or to control them into useful
energy sources, we should consider the mathematical struc-
tures of such natural problems. If we solve these problems by
using different methods, we can find the best way of under-
standing such feasible disasters and then take needed safety.

The importance of obtaining exact solutions of nonlin-
ear partial differential equations is still a big problem that
compels scientists and engineers to seek different methods
for exact solutions. In recent years, there has been an in-
crease in interest in the study of the exact solutions of non-
linear equations which can be used to simulate many phe-
nomena in different fields mentioned above. A variety of
numerical and analytical methods have been developed to
obtain accurate analytic solutions for problems, such as, in-
verse scattering transform [2], analytical methods [3], the exp-
function method [4], the Hirota’s bilinear method [5], the
Jacobi elliptic function expansion method [6], the (G'/G)-
expansion method [7-9], Backlund transformation [10],
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Darboux transformation [11], the multiple exp-function
method [12], the symmetry algebra method [13], the Wron-
skian technique [14], the exp(-®(£))-expansion method
[15,16] and few analytical methods [17-24]. Some advanced
applications of new analytical methods for practical problems
can be found [25-31]. Solitary and traveling wave solutions
are investigated by some diverge researcher for different non-
linear models [32-37]. Studies of completely integrable equa-
tions and nonlinear phenomena are affluent in relation to soli-
tary wave fields and engineering concepts. In soliton theory,
non-elastic phenomena are rear case and there are rear model
in the literature in which this phenomena exist. Actually, the
interactions between two or more soliton solutions for inte-
grable models are considered to be completely elastic and
their amplitude, velocity, wave shape do not change after the
non-linear interaction. Furthermore, some models exist in the
literature are completely non-elastic, depending conditions be-
tween the wave vectors and velocities. Wazwaz [20-22] inves-
tigated multiple soliton solutions such type of non-elastic phe-
nomena. Burgers equation and Sharma—Tasso—Olver equation
are such types of model are studies in this article. Wang et
al. [23] found non-elastic soliton fission and fusion: Burgers
equation and Sharma-Tasso—Olver equations with only two
dispersion relations. When studying ocean waves in general,
large waves are of course more powerful and the wave power
is determined by several parameters, such as wave height,
wave speed, wavelength, and water density.

In this article, we investigate both elastic and non-elastic
multi-soliton fission and fusion phenomena of the Burgers
equation and Sharma-Tasso—Olver equations with few new
dispersive relations. We investigate fusion phenomenon of the
two solitary waves that two single solitary waves fusion to
one (resonant) solitary wave after interaction of them and
increases wave height with more potential energy can be used
in turbine like mechanism. On the other hands, we investigate
fission phenomenon of a solitary wave that one single solitary
wave divided into two or more solitary waves after interaction
and decreases wave height with smaller potential energy can
be used in breaking seismic like waves.

2. Multi-soliton solution of Burgers equation and its
fusion

In this section, we bring to bear a direct rational expo-
nential approach to explain the completely non-elastic in-
teraction clearly, the simplest non-linear (1 + 1)-dimensional
Burger equation [17,23],

U + 2uu, — Uy, = 0, (1)

which has both the non-linear radiation and the diffusion
effect.

For single soliton solution we first consider trial solution
as

kicy exp(klx + wit)
ag + cyexp(kix +wit)’

2

ulx,t)y=r

b

0.257

0.204

0.157
v

0.104

0.054

4
—4-3_2'10 123 4-20 &
x #

Fig. 1. (a) Profile of the single solitary wave solution Eq. (3) of Burger
equation, (b) potential field Eq. (4) with kj =c¢; = a9 = 1.

Fig. 2. (a) Profile of two solitary wave fusion solution Eq. (6) of Burger
equation, (b) potential field Eq. (7) with ky = 1,k = —1,¢c1 =c; =ap = 1.

Inserting (2) and (1), and then maintenance the coef-
ficients of (exp(kix +wit)), (i=...—2,1,0,1,2...) is
zero, yields a system of algebraic equations about ag, cj, wi
and k; as follows:

ciwy + C1k12 + 2rclkf =0, wiag — kfao =0.

Solving this over-determined system of algebraic equations
for ag, wy, r with the aid Maple 13, we arrive at the following
solutions: ag = const, wi = klz, r = —1 and thus the solution
is

kicyexp(ki (x + kit))
ap + crexp(ky (x + kit))’
and corresponding potential function is read as

u(x,t) = —

3

klzc% exp(2k; (x + kit))
(ao + c1 exp(ki (x + kir)))?
k2cyexp(ki (x + kit))
ap + crexp(ky (x + kit))’

v(x,t) = —

“)

To obtain two soliton solutions we just suppose

u(x,t)
_ r(klcl exp(&1)+kocy exp(&2)+ay, (ki+ko)cicr explé +§2})
ap~+cy exp(§1)+cz exp(§2)+a,c1c exp{§i+62} '

®)

where & = kix +wit, & = kyx 4+ wyt and the correspond-
ing potential field reads v = —u,. Directly inserting (5) in
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Fig. 3. (a) Profile of two solitary wave fusion solution Eq. (8) of Burger
equation, (b) corresponding potential field v with k; = 1, ka = —1,¢c1 =2 =
a = 1.

Eq. (1) via commercial software Maple-13, and collecting
the coefficients of different power of exponential to zero,
we attained a system of algebraic equation in terms of
r, ki, ky, wi, wy, ci, co and ajp. Solving this system of alge-
braic equations for r, ki, k2, wi, w; and aj, with the software,
we gain the following solution of the unknown parameters.

Now according to the cases in the method we have

Set-1: r=—1, ag=const, a, =0, w; = k12, Wy = k%
then

3 kiciexp(k;(x + kit)) + kaco exp(ka (x + kot ))
ap + c1exp(ki (x + k1)) + coexplhka (x + kot))’
(6)

ux,t) =

where ay, ¢, ¢z, k1, kp are arbitrary constants.
The corresponding potential field reads

. kciexp(ki (x + kit)) + k3ca exp(ka (x + kat )
ag + crexp(ky (x + kit)) + coexp(ka(x + kot ))

_ (kicrexp(ki (x +kit)) + kaca explha (x + kat)))?
(ao + c1exp(ky (x + kit)) + ca exp(ka(x + kat)))*

From Fig. 2, which plots the fusion phenomenon of the
two solitary waves with the parameters selected as k; =
1, kp = —1, we can clearly see that two single solitary
waves fusion to one (resonant) solitary wave after interac-
tion of them i.e., at a specific time t = 0. From careful
analyses of Egs. (6) and (7), it is conclude that for all the
ranges of two arbitrary parameters k;, k,, only fusion occurs.
Neither elastic scattering nor fission does exist.

Set-2: r=—1, ap =0, ajp, = const, w; = k12 + 2k1ko,
wy = 2k1ky + k% then

)

u(x,t)
__kiciexp(§1)tkacor exp(§2)+ay, (ki+ka)cico expiéi 16}

- 3

c1 exp(é1)+ca exp(&2)+a,,c10 expié+&2}

®

where & = kix + (k12 + 2kikp)t, & = kox + (k% + 2k ko)t
and ¢y, ¢y, ki, kpare arbitrary constants.

The corresponding potential field reads v = —u,.

The Fig. 3, which is also elastic scattering and no fission
exist, but the fusion phenomenon of the two solitary waves
exist for all the ranges of two arbitrary parameters ki, k, like
solution Egs. (6) and (7).

Fig. 4. (a) Profile of two solitary wave solution Eq. (9) of Burger equation,
(b) corresponding potential field v with k; = 1, ky = —2,ci = =w; = 1.

Set-3: r=—1,a0=0,ap=0, w =ki —k3 +ws,
wy = const then
B klcl exp(klx—l— (klz—k%—}—Wz)l)—l-szz exp(k2x+w2t)
c1 exp(kix+ (kI —k3+w2)1)+cz exp(kox+wat)
)

u(x,t) =

where ¢y, ¢, ki, kp, wy are arbitrary constants.

The corresponding potential field reads v = —u,.

From Fig. 4 solution Eq. (9) is completely elastic, before
and after collision of the two solitary waves their shape and
size remain same. So, elastic scattering, no fusion and no
fission exist for any values of the parameters.

To obtain three soliton solutions we just suppose

u(x,t)

kici exp(&1)+koc; exp(&r)+kscs exp(3)+a, (ki+ky)cicy.
expléi+&r}tay; (katks)cacs expléa+&s3}+a ;s (ki+ks)cics
exp{&i+&s}+a, ;3 (ki +ky+ks)cicacs expl{é+E+E3}

aop+cy exp(§)+c; exp(§)+c3 exp(§3)+a,cic; exp{&+&}) '

+aycacs exp{éar+&s}+aseics expl{é +&3})
“+ay3c1c203 explé+&+E3)

(10)

where & = kix +wit, & = kox + wyt, & = ksx + wst and
the corresponding potential field reads v = —u,.

Directly inserting (10) in Eq. (1) via commercial software
Maple-13, and collecting the coefficients of different power
of exponential to zero, we attained a system of algebraic and
solving the system of algebraic equations via software, we
gain the following solution of the unknown parameters.

Set-1: r = —1, agp = const, a;p =0,a3 =0,a;3 =0, a3
=0, w = k%, Wy = k%,W3 = k% then
u(x,t)

__ kciexp(k) (x4-ki1))+koca exp(ky (x+kot))+kscs exp (ks (x+kst))
T agter exp(ky (ki) ez exp(ky (xkat))++es explkso (x+st))
1D

where ay, 1, 2, ¢3, k1, k», k3 are arbitrary constants.
The corresponding potential field reads
- k%cl exp(k (x—i—kﬂ))-i—k%cz exp(ky (x—l—kzt))—i-k%c_g exp (k3 (x+kst))
ap+cy exp(ky (x+kit))+ca exp(ka (x+kat))+c3 exp (ks (x+kst))
(kicy exp (ki (x+kit))+kaco exp(ka (x+kat))+k3c3 exp (ks (x-i-kzl)))2
(ao+c1 exp(ky (x+ki1))+ca explka (x+kat))+c3 exp (ks (x+kat)))*
(12)
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Set-2: r = —1, ap= aip =axy =a;3 =0, ap = const,
wi = ki + kiky + kaks + kiks, wy = k2 + kika + koks +
kiks, w3 = k3 + kika + koks + kyk3 then,

u(x,t)
kicy exp(§1)+kaco exp(§2)+kscs exp(&3)
_ +a,; (ki +katks)cicacs exp{é +E2+63}
c1exp(§1)+cz exp(§2)+c3 exp(£3)+a,5c10203 exp{€ +6+63} |

(14)

where, & =kix+ (k% + kiky + koks + kik3)t, & = kox +

(k3 + kiky + koks + kika)t, & = kax + (k3 + kika + koks +

ki1k3)t and the corresponding potential field reads v = —u,.
Set-3:r = —1, ag = a3 = a3 = apz =0, app = const,

wp = k% + 2kiky, wy = k% + 2ki1ky, w3 = k% + 2k1k, then

u(x,t)
__ ( kicy exp(§1)+kaca exp(§2)+kscs exp(§3)+ay, (ki+ka)cica explé +§2})
c1exp(§1)+ca exp(§2)+c; exp(§3)+ap,cicr exp{éi+&2} ’

5)

where & =kix+ (klz + 2kikp)t, & = kox + (k% + 2k ko)t
& =kax + (k% + 2kikp)t and the corresponding potential

field reads v = —u,.
Set-4: r=—1, a9 = a;p =a;3 =a3 =0, a3 = const,
wy = k12 + 2koks, wyp = k% + 2koks, wz = k32 + 2kyk; then

u(x,t)
_ 7(/6161 exp(&1)+kacy exp(&2)+kscs exp(&3)+ay; (ka+ks)eacs CXP{Sz+€3})
c1exp(§1)+ca exp(§2)+c3 exp(£3)+ayycac; expléa+&s}

(16)

where & = kix + (k12 + 2kyk3)t, & = kox + (k% + 2kok3)t,
& =kyx + (k% + 2kyk3)t and the corresponding potential field

reads v = —u,.
Set-5: r = —1, a9 = a;p» = ax; = a3 =0, a3 = const,
wp = k]2 + 2k1ks, wy = k% + 2k1ks, w3 = k% + 2k1k; then

u(x,t)
_ _(klcl exp(&1)+kacy exp(&2)+kacs exp(&3)+a; (ki +ks)cics exp{€1+§3}>
crexp(§1)+ca exp(§2)+cs exp(§3)+a ;cics exp{é +&3} ’

a7

& = kix + (k3 4+ 2kik3)t, & = kox + (k3 + 2kiks)t, & =
ksx + (k% + 2k1k3)t, and the corresponding potential field
reads v = —u,.

Set-6: r = —1, ap = djp = a3 = a3z = a|pz = 0, wp =
const, wp, = wy + k% — klz, wz =wp + k% — kl2 then

u(x,t)
kiciexp(ki (x + wit)) + kaca exp(ka (x + (wy + k3 — kD)D)
_ thacsexp(ks(x + (i + k3 — k)
T ag+crexpk (x + ki) + crexp(ka (x + (wy + k3 — kD))’
+eyexplkso(x + (w1 + k3 — k)t))

(18)

where ay, c1, ¢2, ¢3, k1, ka, k3 are arbitrary constants. The cor-
responding potential field reads v = —u,.

Fig. 5 profile of solution Eq. (11) of Burger equation and
Fig. 6 profile of solution Eq. (14) of Burger equation. We
see that both Fig. 5 and Fig. 6 are elastic scattering and no
fission exist, but the fusion phenomenon of the three solitary
waves fusion into a one solitary wave after interaction.

Fig. 5. (a) Profile of three solitary wave fusion solution Eq. (11) of
Burger equation, (b) corresponding potential field Eq. (12) with ky = 1,k =
-1, k3=2,ci=c3=1,c0 =2, ap=2.
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Fig. 6. (a) Profile of three solitary wave fusion solution Eq. (14) of Burger
equation, (b) corresponding potential field Eq. (12) with k; = —1,k =
2,ks=-05,ci=c3=c2 =1, ajp3 =4

3. Multi-soliton of Sharma-Tasso-Olver equation and its
fission and fusion

In this section, we bring to bear a direct rational exponen-
tial approach to explain the completely non-elastic interaction
clearly of the simplest non-linear Sharma—Tasso—Olver equa-
tion [23],

u; + 3o (ux)2 + 301Uy + 3auny, + dug, = 0. (19)

For single soliton solution we first consider trial solution
as Eq. (2).

Inserting (2) and (19), and then maintenance the coef-
ficients of (exp(kix +wit)), (i=...—2,1,0,1,2...) is
zero, yields a system of algebraic equations about ag, cj, wi
and kjas follows:

2agciwy + 6araok{’c1 — 4aa0c1kf =0,
3ar’kict — 3arkict + ctwy + akjc? =0,
wla(z) + ak13a(2) =0.
Solving this over-determined system of algebraic equations
for agy, wy, r with the aid Maple 13, we arrive at the fol-

lowing solutions: ag = const, w; = —ak?, r = 1 and thus the
solution is

kicy exp (ki (x — akit))

u(x,t) = ,
1) ao + ¢y exp(ki (x — akir))

(20)
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and the corresponding potential field reads
v(x,t)

kici exp(k; (x — ak?t))
ag + c1 explky (x — ak’r))

k?c? exp(2k; (x — akit))
(ao + c1 exp(k; (x — ozklzt)))2 .
2D

Figures of Egs. (20) and (21) are similar to Fig. 1 (for
convenience we omitted these).

To achieve two soliton solutions we just suppose Eq. (5) as
a trial solution. Using the same procedure like Burger equa-
tions with the help of commercial software Maple-13, we
have three sets of solutions as follows:

Set-1: r=1, ag = const, aj, =0, w; = —ak13, wy =
—ak; then
kiciexp(ky (x — ak?t)) + kaca exp(ka (x — ak3t))
ux,t) =

ao + c1 exp(ki (x — akit)) + cr exp(ky (x — ak3t))’
(22)
where o, ay, c1, ¢z, ki, kp are arbitrary constants.
The corresponding potential field reads
_ kerexp(ki (x — akir)) 4 ke exp(ka (x — ak3t))
T g+ crexp(ky (x — ak?1)) + ¢y explky (x — akt))

N (klcl exp(k; (x — ak%t)) + kycp exp(ky (x — ozk%t))2

(a0 + 1 explky (x — ak?1)) + c2 exp(ha (x — ak21)))’
(23)

Both fusion and fission exist in the solution Eqs. (22) and
(23) of Sharma-Tasso—Olver equation but it depends on the
sign of the exist parameters, from analysis our resulting phe-
nomena are shown in the following table for the solution Egs.
(22) and (23):

From the Fig. 7, we can see that both fission and fusion
phenomena for different condition on the exists parameters
for the solution Eq. (22) of STO equation.

Set-2: r=1, ap =0, a;, = const, wy = —a(kf +
3k12k2 + 3klk§), Wy = —a(kg + 3k12k2 + 3klk§) then
u(x,t)

_ kiciexp(&1) + kacr exp(§2) + a, (ki + ka)cicz explé) + &}
crexp(&1) + caexp(§2) + aj,cicoexplé + &}

(24)

where él =kix— Ol(kl3 + 3k12k2 + 3klk§)t, §2 = kox —
a (k3 + 3ktky + 3kk3)t and the corresponding potential
field reads v = —u,.

Set-3: r=1,ay=0, ajp =0, w, =const, wi =wp, —«a
(ki — k3) then
u(x,t)

. kicy exp(klx + (wy — oz(kf — kg))l‘) + kyrco exp(klx + wot)
crexp(kix + (wa — a (k] — k3))1) + c2 exp(kix + wat)
(25)

and the corresponding potential field reads v = —u,.

To achieve three soliton solutions, we just suppose
Eq. (10) as trial solution and using the same procedure
like Burger equations with the help of commercial software
Maple-13, we have three sets of solutions as follows:

phenomena

+ + + Fission

+ - - Fusion

+ + - Fusion

+ + Fusion

Fission

+ Fusion

Fig. 7. (a) Profile of two solitary wave fusion solution Eq. (22) of STO equa-
tion, (b) corresponding potential field Eq. (23) with o« = —1,k; = 0.8,k =
1l4,c1 =c3=cy =1, ap =2and (c) fission of the same Eq. (22) solu-
tion, (d) corresponding potential field for « =1,k = 0.8,k =1.4,¢; =
c3=cy=1, ap =2.

Set-1: r =1, ag = const, a;p = aj3 = a3 = a3 =0, w;
= —ak?, wy = —ak3, w3y = —ak? then
1> "2 2y W3 3
u(x,t)
_ kicy exp(k; (x—ozk%t))—l—kzcz exp(ka (x—ock%t))+k303 exp(k3 (x—ak%t))
T apter exp(k (x—akit))+co exp(ky (x—ak3t))+c3 explks (x—ak3n))
(26)

and the corresponding potential field reads
_ Keiexptki (x—aki1))+k3 e explka (x—ak31))+k3cs exp(ks (x—ak3t))
ao+cy exp(ky (x—ak}tr))+cs exp(ky (x—ak3t))+c3 exp (ks (x—ak3t))

+ kicy exp(ki (x—ak?t))+kycs exp(ky (x—ak?t))+kscs exp (ks (x—ak2t)) 2-
ao+cy exp(ky (x—akf))+ca exp(ky (x—ak3t))+c3 exp (ks (x—ak3t))

Vv =

27
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Set-2: r = 1, ag = djp = a3 = daxy = a3 = 0, w1 =Wy
+oz(k§ — kf), w3 = wy +ot(k§ — kg), wy = const. or r =1,
ay=an=a3=aj3=an=0 w =w;+alki —k}), w
=ws+ oc(kg — k;’ ), w3 = const. then setting any one we
achieve similar solution as

u(x,t)
kici exp(kix + (w2 + a (k3 — k3))t) + kaca exp(kax + wot)
ez exphsx + (wa + a (k3 — k3)r)
 crexphix + (wa +a (k3 — k3)t) + caexplkox 4+ wat)
+c3exp(kax + (wa + o (k3 — k3))t)

(28)

and the corresponding potential field reads v = —u,.

Set-3: r = 1, adp = a3 = a3 = a|ipz = 0, app =
const., wy = —(x(k% + 3k12k2 + 3k1k%), wy = —a(k; +
3k?ky + 3kik3), wa = —a (k3 + 3k?ky + 3kik3) or, r =1, ag
=app =a;3 =dap =0, a3 = const., w = —Ol(k13 + 3k§k2
+ 3k3k§), Wy = —Ol(kg + 3k§k2 + 3](3](%), Wy = —Ol(kg +
3k32k2 + 3k3k§) or, r=1,a0=ap =a3=a123=0, a3 =
const., w; = —(x(k? + 3k§k1 + 3k3k12), Wy = —a(k%
+ 3Kk3ky + 3k3k?), wr = —a (k3 + 3k3k; + 3ksk?), then set-
ting any one we achieve similar solution as

u(x,t)
_ kycy exp(§1)+kaco exp(§2)+kacs exp(§3)+ay, (ki+ka)cico exp{éi+&2}
ciexp(§1)+cz exp(§2)+c3 exp(§3)+aj cic expléi+62}

(29)

where £ = kix — a (ki + 3kihka + 3k k3)t, & = kox —
a (k3 + 3k?ky + 3k, k)t &3 = kax — a (k3 + 3kiky + 3k k3)t.
and the corresponding potential field reads v = —u,.

From the Fig. 8, we can see that both fission and fusion
phenomena occurred for different condition on the exists pa-
rameters for the solution Eq. (29) of STO equation.

Set-4: r=1, ag = ayp = ay3; = a3 = 0, ajpz = const.,
wy = —%(2](? + 3k1k§ + 3k12k2 + 3k2k§ + 3](3](% + 3](1](% +
3k]2k3 + 6k1k2k3), Wy = —%(2]6; + 3k1k§ + 3k12k2 + 3k2k§ +
3ksk3 + 3kik3 4 3kiks + Okikoks), w3 = —%(2k3 + 3kik3 +
3kky + 3kok3 + 3ksk3 + 3kik3 + 3k}ks + 6kikoks)then

u(x,t)
kicy exp(&1)+kacr exp(§r)+kscs exp(§3)+ay,; (ki+ko+k3)
_ caccsexp{éi+6+8)
" crexp(§1)+ca exp(&)+cs exp(€)+a e cacs explé +o+E)
(30

where & = kix — $(2kj + 3kik3 + 3kiky + 3kok3 + 3k3k3 +
3kik2 + 3kiks + 6kikaks)t, & = kox — §(2k3 + 3kik3 +
3kiky + 3k2k§ + 3k3k3 + 3k1k§ + 3k?ks + 6k1kaks)t and
&3 = kyx — %(2@ + 3kik3 + 3kiky + 3k2k32 + 3ks3k3 + 3k1k32
+ 3k12k3 + 6k1kyk3)t, and the corresponding potential field
reads v = —u,.

Remark: All of the solutions available in this paper have
been checked with the help of Maple-13 and we observe that
they satisfy the corresponding original equation.

Fig. 8. (a) Profile of two solitary wave fusion solution Eq. (29) of STO equa-

tion, (b) corresponding potential field with o = 1,k; =1,k = —1.5,k3 =
—1.8¢ci =c3=c2 =1, ajp = land (c) fission of the same Eq. (29) solu-
tion, (d) corresponding potential field for « = —1,k; =1,k = —1.5,k3 =

—18,ci=c3=cr =1, ap=1.

4. Comparison

In Ref. [23] authors found only two dispersion rela-
tions and found one soliton solution for each one, two
and three soliton solutions for Burger equation. When ¢| =
ap = 1, k; = k, then our solution Eq. (3) reduces to solution
Eq. (11) of Ref. [23], when ¢; = ¢; = ag = 1, then our so-
Iution Eq. (6) reduces to solution Eq. (14) of Ref. [23] of
the Burger equation. All other solutions for Burger equation
are new with both elastic and non-elastic (fusion) phenomena.
When c¢; = ¢; = ap = 1, then our solution Eq. (22) reduces
to solution Eq. (40) of Ref. [23] of STO equation. All other
solutions for STO equation are new and non-elastic with both
fusion and fission phenomena depending on the sign of the
exist parameters.

5. Conclusion

We used direct rational exponential scheme to investi-
gate fusion and fission phenomena for the Burger and STO
equations. Both elastic and non-elastic fusion phenomena are
found for the Burger equation. But both fusion and fission
phenomena exist in the STO equation depending on the sign
of the exist parameters. Some figures are provided to real-
ize the fusion and fission phenomena of the equations. The
obtained solutions may be significant and important for ana-
lyzing the nonlinear phenomena arising in engineering fields.
We found fusion phenomenon of waves that increases wave
height with more potential energy can be used in turbine
like mechanism and found fission phenomenon of wave that



126 H. Or-Roshid, M.M. Rashidi/Journal of Ocean Engineering and Science 2 (2017) 120-126

divided a single wave into two or more waves that decreases
wave height with smaller potential energy can be used in
breaking seismic like waves. The obtain solutions can be de-
scribed many physical wave phenomena habitually in diverse
branches of many fields such as ocean water waves, plasma
waves and ion acoustic plasma waves. In the future task, we
try to find the general equation for the distribution of the
energy and momentum after the soliton fission and/or fusion.
Our more future task is to obtain the soliton fission and fusion
solutions in higher dimensional equations.
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